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ABSTRACT 
In biochemical systems, nonlinear processes are often associated with the Hopf bifurcation, which can 
result in oscillations, instability, and reduced product concentration. While bifurcation analysis tools 
such as MATCONT, implemented in MATLAB, can efficiently determine Hopf bifurcation points 
and associated stability boundaries, the direct incorporation of these results into dynamic optimal 
control problems remains an area of research. This paper presents an artificial intelligence-based 
approach for the optimal control of nonlinear biochemical processes. The proposed approach first 
determines the Hopf bifurcation points using the bifurcation analysis tool MATCONT. A neural 
network is then developed to determine the dominant eigenvalue or its proximity as an artificial 
intelligence-based surrogate model. This surrogate model is then incorporated into the optimal 
control framework based on the Pyomo model. The results demonstrate the efficiency of the 
proposed approach in maximizing product concentration while ensuring process stability. The 
proposed approach achieves near-optimal product concentrations, with only a small reduction 
compared to the unconstrained case, while effectively avoiding Hopf bifurcation-induced oscillations. 
In addition, the resulting control profiles remain smooth and practically implementable, highlighting 
the robustness of the proposed framework. 
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Highlights of this paper 
• This paper addresses the integration of bifurcation analysis and optimal control in continuous 

fermentation processes.  

• Continuous fermentation processes exhibit oscillatory behavior, which reduces product quality.  

• In this work, a strategy is developed to control the processes while avoiding regions where 
oscillatory behavior can occur. 

 

1. INTRODUCTION 

Nonlinear biochemical systems often exhibit complex dynamics, including multiple steady states and self-

sustained oscillations arising from Hopf bifurcations. Oscillatory behavior, generally detected by bifurcation 

analysis using the MATCONT software implemented in MATLAB, may significantly affect the process's efficiency 

and productivity. During fermentation and other chemical reactions, operating near a Hopf bifurcation point 

destabilizes the process, leading to periodic fluctuations in key variables and reducing its controllability. Optimum 

production is not achievable during this period. 

The existence of oscillations, periodic cycles, multiplicity regions, and even chaotic behavior in fermentation 

processes has been widely reported in the literature. Such complex dynamic phenomena arise due to strong 

nonlinear interactions between microbial growth, substrate consumption, and product formation, and have 

important implications for process stability and control. 

For fermentations involving Zymomonas mobilis, these behaviors have been documented in several studies. Early 

investigations by Jöbses, Egberts, Luyben, and Roels (1986) and Ghommidh, Vaija, Bolarinwa, and Navarro (1989) 

identified oscillatory dynamics and multiple steady states. Subsequent work by Bruce, Axford, Ciszek, and Daugulis 

(1991) and Daugulis, McLellan, and Li (1997) further explored the nonlinear behavior and its dependence on 

operating conditions, while more recent studies by Garhyan and Elnashaie (2004) and Mahecha-Botero, Garhyan, 

and Elnashaie (2006) examined bifurcation structures and the onset of instability. 

Similarly, oscillatory behavior has been extensively studied in fermentations involving Saccharomyces cerevisiae. 

Foundational work by Von Meyenburg (1973) highlighted the role of metabolic regulation, while later studies such 

as Perego Jr et al. (1985) and Mulchandani and Volesky (1986) investigated dynamic responses under varying 

environmental conditions. Additional contributions by Parulekar, Semones, Rolf, Lievense, and Lim (1986), 

Strässle, Sonnleitner, and Fiechter (1989), Martegani, Porro, Ranzi, and Alberghina (1990) and Beuse, Bartling, 

Kopmann, Diekmann, and Thoma (1998) further characterized oscillations and their underlying mechanisms. 

The Jones and Kompala (1999) widely used to describe the fermentation of S. cerevisiae, has been shown 

computationally to exhibit oscillatory dynamics, as demonstrated by Simpson, Kompala, and Meiss (2009). Over the 

past decade, significant efforts have focused on optimizing and controlling bioreactors exhibiting such oscillatory 

behavior. Zhu, Zamamiri, Henson, and Hjortsø (2000) developed model predictive control strategies to stabilize 

periodic solutions in continuous yeast bioreactors using cell population balance models. Kurtz, Henson, and Hjortsø 

(2000) proposed a nonlinear control strategy for mixed-culture bioreactors in which two cell populations compete 

for a single growth-limiting substrate. Parker and Doyle (2001) designed nonlinear model-based controllers to 

regulate biomass exit concentration in continuous-flow bioreactors. 

Further contributions include Zhang, Zamamiri, Henson, and Hjortsø (2002) who employed an unstructured 

segregated model to analyze bifurcations leading to periodic solutions and to develop feedback linearizing 

controllers. Mhaskar, Hjortsø, and Henson (2002) introduced a segregated model with a structured description of 

the extracellular environment, enabling parameter identification from measurable extracellular variables. Gadkar, 

III, Crowley, and Varner (2003) presented a cybernetic model of polyhydroxybutyrate synthesis in a continuous 
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bioreactor integrated with model predictive control. Zhang, Henson, and Kevrekidis (2003) performed nonlinear 

model reduction for dynamic analysis of S. cerevisiae fermentation and demonstrated that reduced-order models can 

capture the long-term behavior of the full system. Henson (2003) and Henson (2005) further demonstrated the 

utility of cell population models and metabolically structured ensembles for dynamic analysis and model-based 

control of glycolytic and respiratory oscillations. 

Although numerous studies have established the presence of oscillatory dynamics, relatively few have 

addressed systematic strategies for their elimination. Suppressing oscillations is of practical importance because 

they increase residual sugar concentrations, thereby reducing ethanol yield—potentially by as much as fifty percent 

(Bai, 2007). Oscillatory behavior also negatively affects ethanol productivity and reactor operability (Zhang & 

Henson, 2001) and dynamic instabilities may pose safety concerns while compromising overall process efficiency. 

Sridhar (2011) proposed simple and effective strategies to eliminate oscillatory behavior in continuous 

fermentation systems. It was shown that, for the Zymomonas mobilis process, introducing a small fraction of 

components from the product stream suppressed Hopf bifurcations and eliminated sustained oscillations. In 

Saccharomyces cerevisiae, increasing the inlet oxygen concentration produced a similar stabilizing effect. Moreover, 

an equivalent stabilization could be obtained by increasing the oxygen mass transfer coefficient, thereby enhancing 

oxygen availability within the reactor. 

The limit cycles of continuous fermentation processes with Zymomonas mobilis and Saccharomyces cerevisiae 

are undesirable because they induce sustained oscillations in critical state variables, including biomass, substrate, 

product, and dissolved oxygen concentrations. The sustained oscillations prevent the continuous process from 

operating at a steady optimal condition and force the process to continually deviate from the desired operating 

point. 

In continuous ethanol fermentation processes with Zymomonas mobilis (Garhyan & Elnashaie, 2004) sustained 

oscillations can create conditions that lead to periodic buildup of residual sugars. During some periods of the cycle, 

the substrate is used inefficiently, reducing the process's overall efficiency and lowering ethanol yields. The overall 

productivity of the continuous process is, on average, significantly lower than under steady-state conditions. 

Additionally, sustained oscillations in biomass concentration can affect the overall predictability of the process. 

In Saccharomyces cerevisiae (Simpson et al., 2009) oscillations have often been reported to result from 

interactions between glycolytic metabolism and oxygen levels. These dynamic instabilities result in oscillations 

between aerobic and anaerobic metabolism, reducing the process's efficiency and leading to oscillations in ethanol 

production rates. These instabilities also reduce the ease with which the process can be monitored and controlled, 

since controllers are typically designed for steady-state operation. 

In addition to reductions in yield and productivity, limit cycles have also been reported to cause process 

difficulties, including increased energy consumption, mechanical stress, and safety risks, particularly with regard to 

gas evolution. The elimination of oscillatory instabilities is therefore critical for a stable, efficient, and viable 

process. 

 

2. MATERIALS AND METHODS 

The main aim of this work is to perform optimal control calculations using artificial intelligence to avoid limit-

cycle-causing Hopf Bifurcations. The rationale for using artificial intelligence to avoid Hopf bifurcations detected by 

MATCONT in MATLAB stems from the strong relationship between stability and optimal productivity in 

nonlinear bioprocesses. A Hopf bifurcation represents the initiation of sustained oscillations, resulting in the 

creation of limit cycles, diminished steady-state products, and difficulties in the implementation of optimal control 
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policies. Although MATCONT can accurately detect bifurcations offline, integrating stability analysis directly into 

a dynamic optimal control approach in PYOMO  is computationally expensive, given the need to repeatedly 

perform eigenvalue analyses on large nonlinear models. 

Artificial intelligence can play a significant role in addressing this challenge. A trained artificial intelligence 

model can estimate the dominant eigenvalue or detect proximity to a Hopf bifurcation as a smooth, continuously 

differentiable function of the bioprocess states and inputs. This stability surrogate can be easily incorporated into 

the objective function of the Pyomo optimization model as a penalty or constraint, enabling the optimal control 

strategy to avoid oscillatory regimes and maximize the concentration of the products of interest in a 

computationally efficient manner. 

The present work aims to develop an artificial intelligence-assisted optimal control strategy that helps avoid 

the Hopf bifurcation domain while maximizing production in biochemical systems. Bifurcation points are first 

accurately identified using the MATCONT software in MATLAB to determine the stability domains of nonlinear 

biochemical systems. A neural network is developed to determine the process's stability domain by approximating 

the stability function. The developed function is used to formulate an optimal control strategy via the Pyomo 

software package, considering the stability domain while maximizing production in biochemical systems. 

This paper is organized as follows. First, the model equations for continuous fermentation processes involving 

Zymomonas Mobilis and Saccharomyces cerevisiae are presented. This is followed by a description of the 

bifurcation analysis, optimal control, and the neural network procedures.  The results discussion and conclusions 

are then presented.  

The novelty of this work lies in the combination and integration of bifurcation analysis, artificial intelligence, 

and optimal control, using bifurcation analysis to predict Hopf Bifurcation points, neural networks to develop 

constraints to avoid Hopf bifurcation, and optimal control to achieve the optimal result. 

 

2.1. Zymomonas Fermentation Process 

For the continuous fermentation problem involving Zymomonas Mobilis, the  dynamic model (Garhyan & 

Elnashaie, 2004) for the 4 components, substrate (S), the key compound (e) , microorganism or biomass (X), and 

product (P) are given by the following equations.  
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D is the dilution rate. Table 1 has all the parameter values.  
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Table 1. Base set of parameters used for the Zymomonas Mobilis fermentation. 

Parameter Value 

K1 16.0 
K2 0.497 
K3 0.00383 
Ypx 0.0526315 
Ks 0.5 
P 0.1283 
ms 2.16 
mp 1.1 
Ysx 0.02444498 

Source: Sridhar (2011). 

 

2.2. Saccharomyces Cerevisiae Fermentation Process 

The Saccharomyces Cerevisiae fermentation process was originally modeled by Jones and Kompala (1999) and 

analyzed by Simpson et al. (2009). For three available pathways 𝑟𝑖 , the cybernetic variables 𝑢𝑖and 𝑣𝑖 represent the 

optimal strategies for enzyme synthesis and activity. The variables 𝑢𝑖and 𝑣𝑖are given by the equations  
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The dynamic equations are given by, 
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The concentrations of glucose, ethanol and dissolved oxygen are given by G, E, O. 𝜇𝑖represents the modified 

growth rate constant. 𝐾𝑖 and represent the saturation constants for the carbon substrate and the dissolved oxygen 

for each metabolic pathway. The inlet glucose feed concentration is  𝐺0,  X is the cell mass concentration and 𝑘𝐿𝑎  

represents the mass transfer coefficient for dissolved oxygen. 𝛼and 𝛽 represent the enzyme synthesis and decay rate 

constants while  Y is the yield coefficient.  The stoichiometric coefficients for the intercellular storage carbohydrate 

synthesis and consumption are given by 𝜙𝑖 and 𝛾𝑖 . Table 2 gives the base values of the variables and constants used. 

 

Table 2. Base set of parameters used for the Saccharomyces Cerevisiae fermentation problem. 

Parameter Value 

G0 10 gm/l 

Y1, Y2, Y3 (0.16, 0.75, 0.6) gg-1 

1 , 2 , 3 , 4  

0.403, 2, 1, 0.95 

O* 7.5 mg/l 


 0.3 
*

 

0.1 


 

0.7 

K1, K2, K3 0.05, 0.01, 0.001 

2OK
 

0.01mg/l 

3OK
 

2.2 mg/l 

( 1,2,3)i i =
 

10, 10, 0.8 

,max ( 1,2,3)i i =
 

0.44, 0.19, 0.36 

 

3. BIFURCATION ANALYSIS AND OPTIMAL CONTROL 

3.1. Bifurcation Analysis 

Bifurcation calculations are performed using the MATLAB software MATCONT. Bifurcation analysis explains 

the main causes for multiple steady-states and limit cycles.  Branch points and limit points cause multiple steady-

state solutions while limit cycles and oscillatory behavior are causd by Hopf bifurcation points. The MATLAB 

program that effectively locates  limit points,  branch points, and Hopf bifurcation points is MATCONT. This 
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program was developed and improved by several researhers (Dhooge, Govaerts, & Kuznetsov, 2003; Dhooge, 

Govaerts, Kuznetsov, Mestrom, & Riet, 2003).  This program  is very effective in identifying  Limit points(LP),  

branch points(BP), and Hopf bifurcation points(H) for an system  of ordinary differential equations. 

( , )
dx

f x
dt

=   (8) 

𝑥 ∈ 𝑅𝑛 where  the bifurcation parameter is    .  The gradient vesctor  is orthogonal to the tangent  and hence 

the tangent plane at any point   𝑤 = [𝑤1, 𝑤2, 𝑤3, 𝑤4, . . . . 𝑤𝑛+1]   must satisfy. 

0Aw=   (9) 

 The matrix   A is defined by  

[ / | / ]A f x f =       (10) 

 The sub-matrix  𝜕𝑓/𝜕𝑥 is the Jacobian matrix.  For both limit and branch points, the Jacobian matrix  𝐽 =

(𝜕𝑓/𝜕𝑥)  must have a determinant of 0.    

At  a  limit point,  the n+1 th component of the tangent vector 𝑤𝑛+1 = 0.  For a branch point, the matrix 𝐵 = [
𝐴
𝑤𝑇] 

must be singular and have a determinant of 0.  

At  a Hopf bifurcation point,  

det(2 ( , )@ ) 0x nf x I =   (11) 

@ indicates the bialternate product while 
nI  is the n-square identity matrix. Hopf bifurcations cause limit 

cycles  and should be eliminated because limit cycles  make optimization and control tasks very difficult.  More 

details can be found in Kuznetsov (1998); Kuznetsov (2009) and Govaerts (2000) respectively. 

 

3.2. Optimal Control 

Pyomo.dae Hart et al. (2017) is used for the Optimal Control calculations.  Pyomo.DAE is a powerful extension 

of the Pyomo optimization modeling framework, which is well-suited for solving dynamic systems of differential 

and algebraic equations. It is a symbolic environment for solving differential-algebraic equation systems in the 

context of optimization problems. This is very important in process systems engineering, chemical kinetics, and 

control systems, where the dynamic response of systems is of prime interest. 

At its heart, Pyomo.DAE enables users to define time-varying variables, derivatives, and constraints 

symbolically, which can be easily integrated into a Pyomo model. Users can easily define continuous sets for time or 

other continuous variables, which can be used to define their derivatives over those sets. This symbolic approach 

enables users to easily discretize continuous differential-algebraic equation systems using finite difference, 

collocation, or orthogonal collocation methods, thereby transforming continuous differential equations into 

algebraic equations that can be solved with standard solvers. The framework can handle both initial-value problems 

and dynamic optimization problems. In dynamic optimization, Pyomo.DAE allows the formulation of time-

dependent objective functions and constraints, which is particularly useful in optimal control, energy systems, and 

chemical process scheduling problems. 

One of the major advantages of Pyomo.DAE is that it is compatible with the Pyomo ecosystem. This allows 

users to leverage existing solver interfaces, variable bounds, nonlinear constraints, and objective functions within a 

combined static and dynamic modeling framework. Furthermore, the symbolic framework makes it easier to 

perform model verification, automatic differentiation, and sensitivity analysis.  Pyomo.DAE provides a flexible, 

extensible, and open-source environment for modeling, simulation, and optimization of dynamic systems. By 

integrating symbolic modeling of DAEs with powerful discretization and optimization capabilities, it provides a 
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unique framework for solving complex time-dependent problems. Its tight integration with Pyomo enables the 

efficient solution of both simple and complex dynamic optimization problems, making it a cornerstone of modern 

computational modeling of dynamic systems. In Pyomo.DAE , the differential equations are converted to a 

Nonlinear Program (NLP) using the orthogonal collocation method. The NLP is solved using  IPOPT (Wächter & 

Biegler, 2006). 

 

4. FORMATION OF STABILITY DATASET FROM MATCONT RESULTS 

A stability dataset was developed based on the results from numerical continuation calculations carried out in 

MATCONT. The stability dataset consists of rows, each representing a continuation point from an equilibrium 

branch. The columns in each row consist of the state variables, the bifurcation parameter, and a stability measure. 

The stability measure is a numerical value derived from the Jacobian matrix. The Jacobian matrix is computed 

numerically at each equilibrium point. The eigenvalues are then computed automatically using MATLAB. The 

maximum value of the real part of these eigenvalues is then computed as a scalar stability measure.  

The stability measure is computed using “eig_real_max = max(real(eigvals));” in MATLAB. The stability 

measure is a quantitative metric in which negative values indicate locally asymptotically stable equilibria, positive 

values indicate instability, and a zero crossing indicates a Hopf bifurcation. The stability dataset is then saved as a 

CSV file. The dataset can then be used in subsequent computational calculations to perform classification or 

regression to identify stability boundaries or approximate bifurcations. 

 

5. NEURAL NETWORK SURROGATE FOR STABILITY PREDICTION 

Direct embedding of eigenvalue calculations into IPOPT-based optimal control is impractical for several 

reasons: (i) computing eigenvalues at each time step is computationally expensive, (ii) the mapping from states to 

the maximum eigenvalue is non-smooth near eigenvalue crossings, and (iii) symbolic differentiation of eigenvalues 

is challenging. 

Prior to neural network training, all input variables were standardized to improve numerical conditioning and 

training stability. Let  𝑥𝑟𝑎𝑤  denote the vector of state variables and bifurcation parameter obtained from the 

stability dataset. For each input variable 𝑗, the training mean 𝜇𝑗and training standard deviation 𝜎𝑗were computed 

over the training dataset as the arithmetic mean and standard deviation, respectively. The training mean for the 

input variable j  is defined as the arithmetic average over all training samples  as 𝜇𝑗 =
1

𝑁
∑ 𝑥𝑗

(𝑘)𝑁
𝑘=1  and the training 

standard deviation for the input variable 𝑗is defined as: 𝜎𝑗 =
1

𝑁
(∑ 𝑥𝑗

(𝑘)
− 𝜇𝑗)2𝑁

𝑘=1   

The standardized inputs were defined as; 

𝑥𝑗 =
𝑥raw,𝑗 − 𝜇𝑗

𝜎𝑗

 

This transformation ensures that each input variable has zero mean and unit variance over the training set, 

thereby improving neural network conditioning and gradient-based optimization performance. 

The vectors  𝜇, 𝜎  𝜇and 𝜎 computed during training were stored and embedded identically within the Pyomo 

optimal control formulation to ensure consistency between neural network training and deployment. 

To overcome these limitations, a feedforward neural network is trained to approximate the maximum 

eigenvalue as a smooth function of the system state and bifurcation parameter. A typical architecture employs the 

hyperbolic tangent (tanh) as a smooth activation function. If the input vector is denoted by 𝑥, which are the scaled 

variables,  then the network is defined as: 
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( )

( )

    1  1   1

    2  2 1  2

    _ _   3 2  3

z tanh W x b

z tanh W z b

max NN W z b

= +

= +

= +

  (12) 

Because tanh is infinitely differentiable, the network is fully smooth, guaranteeing the availability of first and 

second derivatives required by IPOPT. Here,  W1, W2, and W3 are the weights that scale and combine inputs or 

hidden-layer features, while  b1, b2, and b3 are the biases that allow the neurons to shift their activation 

independently of the inputs. Without biases, the network output would be constrained to pass through the origin, 

limiting flexibility.  

The hidden-layer outputs z1, z2,  represent nonlinear combinations of the inputs and previous-layer features, 

respectively. Each element of 𝑧1is a smoothed combination of the original inputs, while each element of  z2  encodes 

more abstract patterns extracted from z1.  The final output  𝜆_𝑚𝑎𝑥_𝑁𝑁 provides a smooth approximation of the 

maximum real eigenvalue, enabling efficient and differentiable stability evaluation within the optimal control 

problem. Figure 1 shows a chart describing the computational strategy.  

 

 
Figure 1. Feed forward neural network diagram. 

 

The schematic illustrates a feedforward neural network used to approximate the maximum real part of the 

eigenvalues of the system Jacobian as a smooth function of the process variables. The procedure begins with the 

construction of an input vector, denoted by (x), which contains the relevant state variables of the biochemical 

system together with the bifurcation or operating parameter, typically the dilution rate. Prior to entering the 

network, these variables are assumed to be scaled using the training mean and standard deviation so that each input 

has comparable magnitude, thereby improving numerical conditioning and training performance. The scaled input 

vector is then passed to the first hidden layer, where it is linearly transformed through multiplication by the weight 

matrix (W_1) and shifted by the bias vector (b_1). This linear combination represents a weighted aggregation of all 

input features, allowing each neuron in the first hidden layer to “see” the entire input space. The resulting affine 

transformation is then passed through the hyperbolic tangent activation function, producing the first set of 

nonlinear features denoted by (z_1 = \tanh(W_1 x + b_1)). The use of the tanh activation function ensures that the 

mapping is smooth and infinitely differentiable, which is essential for compatibility with gradient-based 

optimization algorithms such as IPOPT. 

The transformed vector (z_1) serves as the input to the second hidden layer, where a similar operation is 

performed. Specifically, (z_1) is multiplied by a second weight matrix (W_2) and shifted by a second bias vector 
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(b_2), forming another affine transformation that combines the nonlinear features extracted in the previous layer. 

This is again followed by the application of the tanh activation function, yielding the second hidden-layer output 

(z_2 = \tanh(W_2 z_1 + b_2)). At this stage, the network has constructed higher-level nonlinear representations of 

the original input variables, capturing complex interactions between the biochemical states and the operating 

parameter. Each neuron in this layer effectively encodes an abstract feature that contributes to the prediction of 

system stability. 

The final stage of the network is the output layer, which performs a linear combination of the features in (z_2). 

The vector (z_2) is multiplied by the weight matrix (W_3) and shifted by the bias (b_3), producing a scalar output 

given by (\lambda_{\text{max,NN}} = W_3 z_2 + b_3). This scalar represents the neural network approximation 

of the maximum real part of the eigenvalues of the Jacobian matrix. Because no activation function is applied at the 

output layer, the network is able to produce both positive and negative values, corresponding respectively to 

unstable and stable operating conditions. A negative value of (\lambda_{\text{max,NN}}) indicates that the 

system is locally asymptotically stable, whereas a positive value indicates instability. A value near zero corresponds 

to a critical transition, such as a Hopf bifurcation, where oscillatory dynamics may emerge. 

The entire mapping from input vector (x) to output (\lambda_{\text{max,NN}}) is smooth and differentiable 

due to the use of tanh activation functions and linear transformations. This property is crucial because it allows the 

neural network to be embedded directly within a dynamic optimization framework. In particular, the predicted 

eigenvalue can be evaluated at every time point along a trajectory and incorporated into the objective function or 

constraints without introducing non-smooth behavior. The weights (W_1, W_2, W_3) and biases (b_1, b_2, b_3) 

are obtained during a prior training phase using data generated from numerical continuation, where the true 

eigenvalues are computed from the Jacobian matrix. Once trained, the network serves as a surrogate model that 

rapidly predicts stability information without requiring explicit eigenvalue computations. The arrows in the 

diagram represent the fully connected nature of the network, indicating that each neuron in one layer is connected 

to every neuron in the subsequent layer. This dense connectivity allows the network to capture complex nonlinear 

relationships between inputs and outputs. 

Overall, the chart depicts a sequence of transformations in which the original process variables are 

progressively mapped into higher-dimensional feature spaces and then reduced to a single scalar stability metric. 

The combination of affine transformations, nonlinear activation functions, and a final linear output layer enables the 

network to approximate the stability boundary of the system accurately. The resulting model provides a 

computationally efficient and differentiable approximation of the maximum eigenvalue, making it suitable for 

integration into optimal control formulations where stability considerations are essential. 

The integration into optimal control is done in two ways a)  Soft penalty formulation and b) a Hard constraint 

formulation. formulation  For the soft constraint formulation, we use a smooth_max function that converts λ into a 

smooth, nonnegative penalty that only “activates” when the system is unstable: 

2

max

( ) ( )
( ) max( )

2
s smooth

    
   

+ + + +
+ = − + =              (13) 

𝜆 is the neural network’s predicted maximum eigenvalue at the current state and parameter, while   is a small 

positive safety margin to ensure differentiability.  The soft penalty formulation involves the new objective function, 

where the original objective function (∑ 𝑃(𝑡))2 is modified to ∑(𝑃(𝑡) − 𝛼. 𝑠2𝑚𝑎𝑥 (∑ 𝑃(𝑡)) represents the ethanol 

(product concentration which is maximized.  When no measures are taken, (∑ 𝑃(𝑡))2is maximized and when the 

soft penalty formulation is integrated, o ∑(𝑃(𝑡) − 𝛼. 𝑠2𝑚𝑎𝑥 in both problems. 𝛼 controls how aggressively 
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instability is penalized, and    prevents numerical issues at exactly λ = 0 and slightly shifts the stability boundary. 

(∑ 𝑃(𝑡))2 represents the summation of the product concentration (Ethanol). 

For the  Hard constraint formulation, an additional constraint  𝜆_𝑚𝑎𝑥_𝑁𝑁(𝑡)  ≤  0 is added to the original 

constraints.  This strictly prohibits unstable trajectories. The hard penalty makes the problem infeasible and only 

the soft penalty is used. 

In the optimal control of nonlinear biochemical processes, the hard Hopf constraint is frequently difficult to 

apply in the sense that the maximal real eigenvalue of the system Jacobian matrix must stay non-positive at all 

times. However, the process dynamics and constraints may require the system to exhibit transient behavior in the 

region of mild instability in order to maximize the yield of the desired biochemical product. The hard Hopf 

constraint may prevent the nonlinear solver from converging in such cases because the trajectory may become 

infeasible. To extend the hard Hopf formulation and alleviate the aforementioned limitations, we propose the 

application of a soft Hopf penalty function. The penalty function is directly included in the objective function and is 

a differentiable function. The application of the soft Hopf penalty function ensures the generation of a trajectory 

that is physically realistic and feasible. The gradients of the objective function are well behaved for the IPOPT 

solver, which makes the application of the proposed approach computationally efficient for the optimal control of 

nonlinear biochemical processes. 

 

6. RESULTS AND DISCUSSION 

In the Zymomonas mobilis problem, for a 𝐶𝑆0 value of 105, a Hopf bifurcation point was identified  at  

(𝐶𝑒 , 𝐶𝑋, 𝐶𝑆, 𝐶𝑃, 𝐷) values of ( 1.860487 1.528864 0.508208 50.417516 0.078700 ) (Figure 2a).  The limit cycle caused 

by this Hopf Bifurcation point is seen in Figure 2b.  For the optimal control, ∑ (𝐶𝑃(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was maximized. Initially, 

no measures were taken to avoid the Hopf bifurcations The obtained value of ∑ (𝐶𝑃(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was 221.237.. 

Subsequently, ∑ (𝐶𝑃(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was maximized using the soft Hopf penalty formulation, and the obtained value of 

∑ (𝐶𝑃(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was 278.66424811414737. In this case, a more beneficial outcome resulted from avoiding Hopf 

bifurcation points.  The control profile (D) exhibits spikes which was remedied using the Saitzky Golay filter to 

produce the smoother control profiles(DSG). Figures 2c-2f show the various optimal control profiles.   

In the  Saccharomyces Cerevisiae problem, for a 𝐺0 value of 8.75, a Hopf bifurcation point  and 2 limit points were 

located   at [𝑋, 𝐺, 𝐸, 𝑂, 𝑒1, 𝑒2, 𝑒3, 𝐶] values of ( 6.169216 0.002931 0.002715 0.565763 0.118462 0.123656 1.034024 

0.733038 0.151711 );  ( 6.221180 0.003254 0.003062 0.495063 0.118649 0.125084 1.122298 0.719468 0.151968 ) and  

( 8.734690 0.010731 0.009741 0.093818 0.140241 0.226120 2.141386 0.128217 0.112838 ). Figure 3a).  The limit 

cycle caused by this Hopf Bifurcation point is seen in Figure 3b Figure 2b.  For the optimal control, ∑ (𝐸(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) 

was maximized. Initially, no measures were taken to avoid the Hopf bifurcations. The value of  ∑ (𝐸(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was 

64.493. Subsequently, ∑ (𝐸(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) was maximized using the soft Hopf penalty formulation and the value of f  

∑ (𝐸(𝑡𝑖)
𝑡𝑖=𝑡𝑓

𝑡𝑖=0
) increased to 79.5005.  Again, a more beneficial outcome resulted from avoiding Hopf bifurcation points. 

The control profile (D) exhibits spikes which was remedied using the Saitzky Golay filter to produce the smoother 

control profiles(DSG). Figures 3a-3h show the various optimal control profiles.   
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Figure 2a. Hopf bifurcation point for Zymomonas mobilis fermentation problem. 

 

 
Figure 2b. Limit Cycle  for Zymomonas mobilis fermentation problem. 

 

 



American Journal of Chemistry, 2026, 11(1): 13-34 

 

 
25 

URL: www.onlinesciencepublishing.com  | June, 2026 

 
Figure 2c. Optimal control Zymomonas Mobilis concentration profiles (no Hopf panalty). 

 

 
Figure 2d. Optimal control Zymomonas Mobilis (D, Dsg Profiles; no Hopf Penalty). 
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Figure 2e. Optimal control Zymomonas Mobilis concentration profiles (with  Hopf panalty). 

 

 
Figure 2f. Optimal control Zymomonas Mobilis (D, Dsg Profiles; with  Hopf Penalty). 
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Figure 3a. Hopf bifurcation and Limit points for Saccahromyces Cerevisiae problem. 

 

 
Figure 3b. Limit Cycle  for Saccahromyces Cerevisiae problem. 
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Figure 3c. Optimal Control Saccaharomyces Cerevisiae (G, X, E, O profiles no Hopf penalty). 

 

 
Figure 3d. Optimal Control Saccaharomyces Cerevisiae (C, e1, e2, e3  profiles, no Hopf penalty). 
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Figure 3e. Optimal Control Saccaharomyces Cerevisiae (D, DSG  profiles, no Hopf penalty). 

 

 
Figure 3f. Optimal Control Saccaharomyces Cerevisiae (G, X, E, O profiles with  Hopf penalty). 
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Figure 3g. Optimal Control Saccaharomyces Cerevisiae (C, e1, e2, e3  profiles, with Hopf penalty). 

 

 
Figure 3h. Optimal Control Saccaharomyces Cerevisiae (D, DSG  profiles, with  Hopf penalty). 
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The observed increase in product formation in Zymomonas mobilis and Saccharomyces cerevisiae 

fermentations after the imposition of a Hopf penalty function can be explained by the interplay among nonlinear 

dynamics, stability, and process performance. 

The optimal control problem was solved over a finite time horizon of 𝑡𝑓 = 10, with initial conditions for all  

variables except the input streams 𝐶𝑆0; 𝐺0  being 0.  The  control variable, corresponding to the dilution rate, was 

initialized at zero and bounded within the interval [0, 5]. The system of differential-algebraic equations was 

discretized using orthogonal collocation on finite elements, with 30–100 finite elements and three collocation points 

per element based on a Lagrange–Radau scheme. The resulting nonlinear programming problem was solved using 

the IPOPT solver with default settings, with convergence tolerances adjusted to ensure numerical stability. 

For the neural network surrogate, a feedforward architecture with two hidden layers of 32 neurons each and 

hyperbolic tangent activation functions was employed. The network was trained using a dataset generated from 

numerical continuation, where each data point consists of the system states, bifurcation parameter, and the 

maximum real part of the Jacobian eigenvalues. Input features were standardized using the training mean and 

standard deviation prior to training. The model was trained using a mean squared error loss function until 

convergence, with a maximum of 5000 iterations. 

In the optimal control formulation, stability was incorporated using a soft Hopf penalty with weighting 

parameter 𝛼 = 50 and smoothing parameter 𝜖 = 0.01. These values were selected to balance product maximization 

and stability enforcement while maintaining numerical tractability. 

A Hopf bifurcation in a fermentation system indicates the change from a stable steady state to oscillations in 

the state variables, such as biomass, substrate, and product concentrations. If the system operates near the boundary 

of a Hopf bifurcation, the eigenvalues of the linearized model approach the imaginary axis, implying that 

disturbances decay very slowly. Although this region indicates a high rate of activity, oscillations in the system 

variables result. 

Without the imposition of a Hopf penalty, the optimizer would drive the system to conditions that maximize 

production rate. In nonlinear systems, such as biochemical processes, the conditions that maximize production rate 

occur near the boundary of instability. Although the production rate appears high, oscillations in the system 

variables lead to a lower time-averaged productivity. The periodic depletion of the substrate or the temporary 

cessation of activity would result in a lower product formed over the entire period of operation. 

The addition of the Hopf penalty function modifies the optimization landscape by penalizing solutions that 

approach the boundary of stability. Mathematically, this manifests as an increase in the penalty as the real part of 

the dominant eigenvalue approaches zero. This causes the optimizer to select an operating condition that is more 

deeply embedded in the stable region of the parameter space. 

From a biochemical perspective, both Zymomonas mobilis and Saccharomyces cerevisiae have tightly coupled 

feedback mechanisms in substrate uptake, growth rate kinetics, and product inhibition. Nonlinear feedback 

mechanisms have a natural propensity to create regions of high metabolic activity with dynamic sensitivity. The 

optimization of the system to a stable state balances high metabolic activity with robust dynamic behavior. 

The main result is that stability yields consistent product levels over time. Although the instantaneous levels 

may be reduced somewhat from those produced near the bifurcation point, the absence of oscillations increases 

overall product formation. Thus, the Hopf penalty improves not only stability but also the overall efficiency of the 

process, which shows that the optimal productivity of the nonlinear fermentation system is related to dynamic 

stability. 
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7. CONCLUSIONS 

In the present research, an artificial intelligence-based approach has been proposed to avoid Hopf bifurcations 

during the optimal control of the dynamics of the fermentation process. The Hopf bifurcations were first identified 

through bifurcation analysis. This has provided an accurate characterization of the stability boundaries of the 

nonlinear process model. A neural network has been developed to characterize the stability indicators associated 

with Hopf bifurcations. The neural network's differentiability has enabled the incorporation of stability constraints 

into the optimal control formulation via a Pyomo-based model. The proposed methodology has provided an 

effective approach to avoiding oscillatory regimes while maximizing product concentration. The proposed approach 

has yielded improved results compared to traditional optimal control approaches that do not consider stability 

constraints. The proposed approach has ensured optimal process operation while avoiding oscillatory regimes. The 

proposed approach is applicable for the optimal control of other nonlinear biochemical and engineering processes. 
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