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ABSTRACT 
Tanh method is used in this paper to find hyperbolic solutions to ion sound and Langmuir wave systems 
describes ion sound wave and the Langmuir wave as part of the action of the ponder motive force 
caused by a high-frequency field. A power series in tanh method was used as an ansatz to obtain 
analytical solutions for certain nonlinear evolution equations of traveling wave type. The suggested 
method, is a powerful solution method and it based on wave transformation, converts the partial 
derivatives in the equation to ordinary derivatives and then generate new hyperbolic solutions to the 
system under consideration in this paper. Graphical simulations are introduced for some solutions. The 
method's main aspects will be discussed and the results showed the strength this using method through 
the new solutions obtained using tanh method. This method generates entirely new solutions for other 
types of nonlinear evolution equations observed in physics. 
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Highlights of this paper 
• We obtain new hyperbolic solutions to ion sound and Langmuir wave systems. 

• Tanh method is efficient and we can applied for different physical problems to reach exact 
solutions. 

 

1. INTRODUCTION 

The importance of nonlinear partial differential equations cannot be affected and applied to a wide range of 

phenomena and dynamic processes in physics, chemistry, biology, fluid dynamics, plasma, optical fibers, and other 

engineering fields. So, there was great  interest and effort from researchers to study nonlinear partial differential 

equations. Searching for exact solutions to these equations by suggesting new methods that represent a solution to 

physical and engineering problems. The availability of symbolic computation software, such as Maple, which is able 

to solve nonlinear partial differential equations. So, exact solution which obtained from different methods to the 

nonlinear equations have become very important resulting in methods like exp-function method [1, 2] sine- cosine 

method [3, 4] Jacobi elliptic function method [5, 6] extended tanh function method [7-9] and there in. The exact 

solutions obtained using these methods, as well as the types of solutions obtained, such as solitary wave solutions, 

shock wave solutions, periodic wave solutions, and others. We used tanh method [10, 11] in this article to generate 

hyperbolic exact solutions to NPDEs. employing a traveling wave transformation, these nonlinear partial differential 

equations transform it to a group of algebraic equations and then solve it gives hyperbolic solutions of NPDEs.. By 

using a traveling wave transformation, these nonlinear partial differential equations transform it to a group of 

algebraic equations and then solve it gives hyperbolic solutions of NPDEs. To understand this method, we investigate 

[12] system to ion sound and Langmuir waves. This system describes ion sound wave and the Langmuir wave as 

part of the action of the ponder motive force caused by a high-frequency field. Previously, various researchers used 

different methods to obtain new hyperbolic solutions to the system ion sound and Langmuir wave, such as Baskonus 

and Bulut [13]; Hassan and Abdelrahman [14]. This study organized as: Tanh method described in Section 2. We 

applied tanh method to the system for the ion sound and Langmuir waves and obtained exact solutions, including 

hyperbolic wave solution, to demonstrate the method In Section 3. Finally, in Section 4, we present our conclusions.. 

 

2. DESCRIPTION THE TANH METHOD 

Tanh method proposed in Wazwaz [15];  Wazwaz [16]; Wazwaz [17]; Wazwaz [18]; Hosseini, et al. [3]; 

Malfliet [10]. The tanh method dependent on traveling wave solutions and we can write this method was developed 

by Malfliet [10] to solve the coupled KdV equations by tanh function. 

Consider system of nonlinear partial differential equations: 

𝐻1(𝑢, 𝑣, 𝑢𝑡 , 𝑣𝑡, 𝑢𝑥, 𝑣𝑥, 𝑢𝑥𝑥, 𝑣𝑥𝑥, … ) = 0 

𝐻2(𝑢, 𝑣, 𝑢𝑡, 𝑣𝑡, 𝑢𝑥, 𝑣𝑥, 𝑢𝑥𝑥, 𝑣𝑥𝑥, … ) = 0                                                            (1) 

Where 𝐻1,  𝐻2 are variables' polynomials 𝑢, 𝑣 as well as their derivatives. Let 

(𝑥, 𝑡) = 𝑈 (𝜉) and 𝑣(𝑥, 𝑡) = 𝑉(𝜉) where 𝜉 = 𝑘(𝑥 − 𝜆𝑡). Here 𝑘 and 𝜆 are constant. By using chain rule we get: 

𝜕

𝜕𝑡
= −𝑘𝜆

𝑑

𝑑𝜉
 ,      

𝜕

𝜕𝑥
= 𝑘

𝑑

𝑑𝜉
 ,         

𝜕2

𝜕𝑥2
= 𝑘2

𝑑2

𝑑𝜉2
     ,     

𝜕3

𝜕𝑥3
= 𝑘3

𝑑3

𝑑𝜉3
, …                (2) 

Then Equation 1 become ordinary differential equations: 

𝑃1(𝑈, 𝑈′, 𝑈′′, 𝑈′′′, … , 𝑉, 𝑉′, 𝑉′′, 𝑉′′′, … ) = 0 

𝑃2(𝑈, 𝑈′, 𝑈′′, 𝑈′′′, … , 𝑉, 𝑉′, 𝑉′′, 𝑉′′′, … )  = 0                                                             (3) 
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With 𝑃1, 𝑃2 are polynomials which represent reduced ordinary differential Equations 3. Integrate Equation 3 and 

make constant integration equal to zero in solutions nonzero constants, on the other hand, can be used and handled 

[15]. The exact solution for Equation 1 is now found to be equivalent to the obtained solutions from reduced ordinary 

differential Equation 3. We introduce a new independent variable for the tanh method: 

𝑢 (𝑥, 𝑡) = 𝑡𝑎𝑛ℎ(𝜉)                                                                                                                       (4) 

Which results in a variable change in the derivatives: 

𝑑

𝑑𝜉
= (1 − 𝑌2)

𝑑

𝑑𝑌
,  

𝑑2

𝑑𝜉2 = −2𝑌(1 − 𝑌2)
𝑑

𝑑𝑌
+ (1 − 𝑌2)2 𝑑2

𝑑𝑌2,  

𝑑3

𝑑𝜉3
=  2(1 − 𝑌2)(3𝑌2 − 1)

𝑑

𝑑𝑌
−6𝑌(1 − 𝑌2)2

𝑑2

𝑑𝑌2
+ (1 − 𝑌2)3

𝑑3

𝑑𝑌3
                                  (5) 

 

In similar way, we can derive the other derivatives. The next step is that the solution we are wanted to find it 

expressed in the form: 

𝑢(𝑥, 𝑡) = 𝑈(𝜉) = ∑ 𝑎𝑖  𝑌𝑖𝑚
𝑖=0   

𝑣(𝑥, 𝑡) = 𝑉(𝜉) = ∑ 𝑏𝑖  𝑌
𝑖𝑛

𝑖=0                                                                                                                   (6)  

Now, we balance highest order linear term with the nonlinear terms to find the parameter 𝑚 and 𝑛 in Equation 

1, and 𝑘, 𝜆, 𝑎0, 𝑎1, … , 𝑎𝑚, 𝑏0, 𝑏1, … , 𝑏𝑛 are to be determined. Substituting (6) in Equation 3 will provide an 

algebraic equation set for 𝑘, 𝜆, 𝑎0, 𝑎1, … , 𝑎𝑚, 𝑏0, 𝑏1, … , 𝑏𝑛 because all 𝑌𝑖 coefficients must vanish for 𝑖 = 0,1,2,3 …. 

then find values of these coefficients by using Maple software, and using(6), we obtain solutions for 𝑢(𝑥, 𝑡) and 𝑣(𝑥, 𝑡) 

in new form [18]. 

Now, we balance highest order linear term with the nonlinear terms to find the parameter 𝑚 and 𝑛 in Equation 

1, and 𝑘, 𝜆, 𝑎0, 𝑎1, … , 𝑎𝑚, 𝑏0, 𝑏1, … , 𝑏𝑛 are to be determined. Substituting (6) in Equation 3 will provide an 

algebraic equation set for 𝑘, 𝜆, 𝑎0, 𝑎1, … , 𝑎𝑚, 𝑏0, 𝑏1, … , 𝑏𝑛 because all 𝑌𝑖 coefficients must vanish for 𝑖 = 0,1,2,3 …. 

then find values of these coefficients by using Maple software, and using(6), we obtain solutions for 𝑢(𝑥, 𝑡) and 𝑣(𝑥, 𝑡) 

in new form [18]. 

 

3. APPLICATIONS 

We are now employing the tanh method to solve the system of ion sound and Langmuir waves.   

The ion sound and Langmuir wave systems are written as follows [12]: 

            1 

𝑖𝐸𝑡 + 
2 

𝐸𝑥𝑥 − 𝑉𝐸 = 0, 

𝑉𝑡𝑡 − 𝑉𝑥𝑥 − 2(|𝐸|2) = 0                                                   (7) 

Where 𝐸𝑒𝑖𝑤𝑝𝑡 
is the normalized Langmuir oscillation's electric field [14]. 

We use travelling wave transformation for Equation 7 as follows: 

(𝑥, 𝑡) = 𝑒𝑖z𝐸 (𝜉),   (𝑥, 𝑡) = (𝜉) 𝑧 = 𝛾𝑥 + 𝜆𝑡 , 𝜉 = 𝛼𝑥 + 𝛽𝑡                                        (8) 

Where 𝛾, 𝜆, 𝛼 and 𝛽 are constants. Then, put Equation 8 with derivatives in  Equation 7 we get: 
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0 

0 

1 

1 

𝑖 (𝛽 + 𝛼𝛾)′ = 0,                                                                                                               (9) 

𝛼2𝐸′′ − (2𝜆 + 𝛾2) 𝐸 − 2𝐸𝑉 = 0,                                                                                  (10) 

(𝛽2 − 𝛼2)𝑉′′ − 2𝛼2(𝐸2)′′ = 0                                                                                    (11) 

Equation 11 integrating twice to 𝜉 and put zero to constant of integration, we have: 

                                                                                                         (12) 

Put Equation 12 in Equation 10 and also Equation 9, get: 

𝛼2(𝛾2 − 1)𝐸′′ − (𝛾2 − 1)(2𝜆 + 𝛾2)𝐸 − 4𝐸3 = 0 (13) 

Now, we introduce 𝑌 = 𝑡𝑎𝑛ℎ(𝜉) and by using (5), Equation 13 becomes: 

(14) 

Now, to find 𝑚, We find that balancing the highest order linear term with the highest order nonlinear term yields 

𝑚 = 1, 

The tanh method become as: 

𝐸(𝑥, 𝑡) = 𝐸(𝑌) = 𝑎0 + 𝑎1𝑌 , 𝑎1 ≠ 0                                                                   (15) 

Substituting E, E′, E′′ from Equation 15 into Equations 14, then multiplying by the coefficient of 𝑌𝑖, 𝑖 = 0, 1, 2, 3 

obtain a nonlinear algebraic equation system: 

𝑌0: 4𝑎3 + (𝛾2 − 1)(2𝜆 + 𝛾2)𝑎0 = 0 

𝑌1: 2𝛼2(𝛾2 − 1)𝑎0 + (𝛾2 − 1)(2𝜆 + 𝛾2)𝑎1 + 12𝑎2  𝑎1 = 0 

𝑌2: 12𝑎2𝑎0 = 0 

𝑌3: 4𝑎3 − 2𝛼2(𝛾2 − 1)𝑎0 = 0                                                                               (16) 

By using maple solve the nonlinear systems of  Equation 16 we get: 

𝑎0 = 0 , 𝛾 = 1                                                                                              (17) 

From (17) we get new solution to Equation 7: 

𝐸 (𝑥, 𝑡) = 𝑎1𝑒i(x+λt) tanh(𝛼𝑥 + 𝛽𝑡), 

                                                                             (18) 

The hyperbolic solutions for 𝐸 (𝑥, 𝑡) and (𝑥, 𝑡) are shown in Figure 1 for some fixed parameter values, (𝜆 = 1 , 𝛼 = 1, 

𝛽 = 1, 𝑎1 = 1 ) 
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Figure 1. Hyperbolic waves solutions for Equation 18. 

 

4. CONCLUSIONS 

We successfully applied the tanh method to the system of ion sound and Langmuir waves and generate new solutions 

for this system, proving that the tanh method can be used to obtain exact solutions of nonlinear partial differential 

equations and that it is a good and efficient method. This method can be applied to find more exact solutions to various 

types of equations. 
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